We show that there are only finitely many homogeneous links whose Conway polynomial has any given degree. Using this we give an example of an inhomogeneous, fibred knot. Secondly, we show how to compute the monodromy of a homogeneous link complement from a homogeneous braid word representative.
Introduction
For a compact, orientable surface S, possibly with boundary, the mapping class group of S is the group of orientation preserving self-homeomorphisms of S up to isotopy. This is denoted Mod + (S). We use these mapping classes to build 3-manifolds from S in the following way. where φ ∈ f is any representative.
It can be shown that, up to homeomorphism, this 3-manifold is independent of the choice of representative φ. We say that f is the monodromy of M f and S is its fibre.
A mapping torus is entirely determined by its fibre and monodromy. Stallings determined exactly which 3-manifolds are mapping tori.
Theorem 1.2 ([8, Theorem 2]).
A compact, orientable 3-manifold M is a mapping torus if and only if there exists an epimorphism φ : π 1 (M ) → Z such that the kernel of φ is finitely generated.
Additionally, Stallings determined that G, the kernel of the epimorphism φ in Theorem 1.2, is the fundamental group of the fibre [8, Theorem 2] . Hence the fibre of a mapping torus is uniquely determined, for example, by the rank of G (and whether or not the manifold is closed when G has rank zero). We consider the remaining problem of determining the monodromy: Question 1.3. For which classes of mapping tori can we give useful expressions for the monodromy?
In Section 4 we give an answer to this in the case when the 3-manifold is the complement of a homogeneous link in S 3 . Homogeneous links arise as the closure of a homogeneous braid [9, page 57] . These links were also studied by Stallings who showed that their complements are all mapping tori [9, Theorem 2] . In Section 2 we sketch his proof, a key detail of which is a decomposition of the fibre surface under the Murasugi sum. This decomposition is essential to Section 4; we determine the monodromy on each piece and combine these together using a result of Gabai [5, Corollary 1.4] .
In Section 3 we introduce the shift maps and show that they can be used to simplify a braid whilst preserving its closure. The simplest braids are the nonweak braids. Dasbach and Mangum showed that the degree of the HOMFLY polynomial of homogeneous link is related to the underlying homogeneous braid [3, Proposition 4.1.1]. In Proposition 3.6 we show a similar result for the degree of the Conway polynomial of a homogeneous link. Combining this with the class of non-weak braids we obtain that there are only finitely many homogeneous links whose Conway polynomial has any given degree in Theorem 3.13. Similarly, in Theorem 3.15, we obtain that there are only finitely many homogeneous knots of any given genus.
By enumerating these we compute all possible homogeneous links whose Conway polynomial has degree at most three. These are listed in Corollary 3.14. By similar analysis we compute all possible homogeneous knots with genus at most two. These are listed in Corollary 3.16.
From this classification we determine that the 8 20 knot [7, Appendix C] is an inhomogeneous, fibred knot.
Homogeneous link complements
Recall that the set of braids on n strands form a group under concatenation called the braid group. This is denoted B n and has a standard presentation
Here σ i corresponds to the braid in which the i th strand passes under the (i+1) st strand. We also denote the set of braid words on n strands by B n ; this is the Kleene closure of {σ 1 , . . . , σ n−1 , σ
n−1 }. Thus B n is the equivalence classes of B n under the relations of the braid group and the relation that σ i σ
We denote the braid class of a braid word w ∈ B n by [w] ∈ B n . Definition 2.1. A braid word w = w 1 · · · w m ∈ B n is homogeneous if for each i, the generator σ i appears in w if and only if σ For a homogeneous braid word w = w 1 · · · w m ∈ B n we denote the sign of the exponent with which σ i appears in w by α(i). Additionally, we denote the strand index of w i by x(i), that is
We may take the braid closure of a braid σ to obtain a link β(σ). For ease of notation, for a braid word w we abbreviate β([w]) to β(w). Note that this definition is much stronger than Cromwell's definition of a link being homogeneous [1, page 536] .
Associated to a homogeneous braid word w = w 1 · · · w m ∈ B n is an oriented surface S(w) embedded in S 3 . This is obtained by connecting n disks together via m half-twisted bands corresponding to the w i , see Figure 1 . This surface has the property that ∂S(w) = β(w) and naturally decomposes under the Murasugi sum, see Figure 2 . Definition 2.3. Let S, S 1 and S 2 be compact, connected, oriented surfaces in S 3 . If
-gon whose edges are alternately in ∂S i and int(S i ) for i = 1, 2, and 3. there is a sphere splitting
then S is the Murasugi sum of S 1 and S 2 and we write S = S 1 # M S 2 , see Figure 3 .
Figure 3: The Murasugi sum of two surfaces when n = 3.
As is standard, a link K is fibred if its complement S 3 − n(K) is a mapping torus.
Theorem 2.4 ([9, Theorem 2]). Every homogeneous link is fibred.
Proof. Let K be a homogeneous link. Let w = w 1 · · · w m ∈ B n be a homogeneous braid word whose closure is K and let
}| count the number of occurrences of each generator in w.
qi ∈ B 2 and S i := S(v i ). Then S(w) decomposes as the Murasugi sum:
A direct calculation using Theorem 1.2 and the map
shows that each K i is fibred and its fibre is S i . It is a Theorem of Stallings that if K 1 and K 2 fibred links with fibres S 1 and S 2 respectively and S = S 1 # M S 2 then K = ∂S is a fibred link with fibre S [9, Theorem 1]. Thus ∂S(w) = β(w) = K is a fibred link with fibre S(w).
The shift map
The shift map s i : B n → B n−1 is the map which discards all σ i and σ −1 i twists in a braid word and moves later twists down by one strand. That is, if w = w 1 · · · w m ∈ B n is a braid word then s i (w) := w 1 · · · w m ∈ B n−1 where In certain cases the closure of a braid word is invariant under the shift map.
for exactly one value of j. A braid word is weak if it is i-weak for some i. Proof. Without loss of generality, assume that σ i occurs exactly once in w. Furthermore, by performing Markov moves of type I on w we may assume that β(w) is as shown in Figure 4 . Here the ends of strands are connected if and only if they lie on the same vertical line and σ i is the only visible crossing. By isotoping the right hand side of the diagram, we obtain the link shown in Figure 5 . This is β(s i (σ)). Hence we can use the shift maps to remove any weakness in a braid word representative of a link. Moreover, as the shift maps preserves homogeneity, we can also promote a homogeneous braid word to a homogeneous, non-weak braid word with the same closure.
K F
Proposition 3.5. Every (homogeneous) link is the closure of a (homogeneous,) non-weak braid word.
Recall that the Conway polynomial [6, page 105] ∇(K)(z) of a link K is a polynomial invariant satisfying the skein relation
and the identity that ∇(unknot)(z) = 1.
For a link K, we say that the degree of K, deg(K), is the degree of the Conway polynomial of K; that is deg(K) := deg(∇(K)). For ease of notation, for a braid word w we abbreviate ∇(β(w)) to ∇(w) and deg(β(w)) to deg(w). Moreover, the leading coefficient of
Proof. First note that for any braid word w, when j = i − 1, the following identities hold:
The first four are direct results of the skein relation and the last two are direct results of the braid relation. Note that in each case if the braid on the left hand side is homogeneous then every braid used on the right hand side is too. Note also that if the result holds for the terms on the right hand side of an equation then it is also true for the term on the left hand side.
The complexity of a homogeneous braid word w = w 1 · · · w m ∈ B n is the (n − 1)-tuple (q n−1 , . . . q 1 ) where q j is the number of occurrences of σ
We order the set of all homogeneous braid words short-lexicographically with respect to complexity. Note that in each of the above identities all of the terms on the right hand side of an equation are of lower complexity than of that on the left. We now proceed by induction on complexity. To deal with the base case, note that if the complexity of w is (1) then w = σ Moreover, as q j = 1 there is a unique k such that x(k) = j. By induction, the leading coefficient of
Hence as ∇(w) = ∇(w ′ ) and α(j)α(x(k)) = 1, the leading coefficient of
Thus the result holds. Thus, we now suppose that q j > 1 for each j. In this case, by a discrete intermediate value theorem argument, w can be written as: Proof. Let w = w 1 · · · w m ∈ B n be a homogeneous, non-weak braid word such that β(w) is a link of degree k. As w is a non-weak braid word, m ≥ 2(n − 1) by Remark 3.3 and by Proposition 3.6
Combining these we obtain that: 2 ≤ n ≤ k + 1 and m = k + n − 1.
Hence, there are only finitely many homogeneous, non-weak braid words whose closure is a link of degree k and so, by the homogeneous version of Proposition 3.5, only finitely many such links.
We can in fact provide a more exact bound. Let p(k) be the number of homogeneous links of degree k. Note that if we fix the exponent of each generator of B n then there are (n − 1) m possible braid words of length m. Hence there are at most 2 n−1 (n − 1) m homogeneous braid words of length m in B n . Thus p(0) = 1 and when k > 0,
Hence p(0) = 1, p(1) ≤ 2, p(2) ≤ 66 and p(3) ≤ 5962. A more careful count taking symmetries into account shows that p(2) ≤ 10 and p(3) ≤ 22. Explicitly checking these gives:
Corollary 3.14. Up to mirror-reflection, if a homogeneous link is:
• of degree zero then it is the unknot,
• of degree one then it is the Hopf link,
• of degree two then it is either: the trefoil, the figure-eight knot or the 3-component chain (that is β(σ 1 σ 1 σ 2 σ 2 σ 3 σ 3 )), or
• of degree three then it is the closure of either:
Recall that the genus of a knot K is the genus of a minimal genus Seifert surface; that is a compact, connected, orientable surface S such that ∂S = K. As the degree of a knot is bounded above by twice its genus [2, Theorem 7.2.1], a result similar to Theorem 3.13 regarding genus immediately follows. Again, we can provide a more exact bound. Let n(g) be the number of homogeneous knots of genus g. Then, when g > 0, by the same arguement as before,
By explicitly checking all homogeneous knots of genus at most two, we obtain the following corollary.
Corollary 3.16. Up to mirror-reflection, if a homogeneous knot is:
• of genus zero then it is the unknot,
• of genus one then it is either: the trefoil or the figure-eight knot, or
• of genus two then it is either: the 5 1 , 6 2 , 6 3 , 7 6 , 7 7 , 8 12 ,
Here r(3 1 ) is the reflection of the 3 1 knot.
Corollary 3.17. The 8 20 knot is an inhomogeneous, fibred knot.
Proof. Stallings showed that the 8 20 knot [7, Appendix C] , shown in Figure 6 , is fibred [9, pages 58 -59] . It is a genus two knot and so by Corollary 3.14, it is inhomogeneous. 
Monodromies
We now give an answer to Question 1.3 for homogeneous link complements. A loop on a surface S is the image of a smooth embedding of S 1 into S. A loop inherits an orientation from an orientation on S 1 . For two loops to be equal both their images and orientations must agree. • when i and j are distinct γ i ∩ γ j is a finite set,
• when i and j are distinct γ i ⋔ γ j , and
• when i, j and k are distinct γ i ∩ γ j ∩ γ k = ∅. Note that we can always isotope any collection of loops on S such that it is in both general and minimal position simultaneously. 
The Alexander method says that a mapping class is uniquely determined by the image of a suitable collection of loops. . Let S be a surface and Γ = {γ 1 , . . . , γ n } a collection of loops on S such that:
• Γ is in general position,
• Γ is in minimal position,
• Γ is triangle-free,
• Γ fills S, and
• when i and j are distinct γ i and γ j are non-isotopic.
If two mapping classes f and g have representatives φ and ψ respectively such that φ(γ i ) = ψ(γ i ) for each i then f = g.
We begin by considering the case when K is the (2, q)-torus link. For ease of argument we assume that q > 0, although the q < 0 case follows analogously. The link K is homogeneous; w := σ q 1 ∈ B 2 is a homogeneous braid word whose closure is K. Let M be the complement of K. Then M is a mapping torus with fibre S(w) and monodromy h. Here S(w) can be seen as two disks connected via q half-twisted bands as shown in Figure 7 . For ease of notation, all addition and subtraction is done modulo q throughout. Let γ(i) be the loop on S(w) starting on the right hand disk, passing to the left hand disk via the i th half-twisted band and returning via the (i + 1) st one. By pushing this loop out of the positive side of S(w) and returning it to S(w) via the negative side, we see that h(γ(i)) is γ(i − 1) with the reversed orientation. Let Γ := {γ(i)} and note that this collection of curves satisfies the hypotheses of Theorem 4.6. Now consider
where T (γ) is a left Dehn twist about γ. Then, up to isotopy,
and so by Theorem 4.6
Note that if q was negative then the monodromy would be
Corollary 4.7. The monodromy of the (2, q)-torus link has order lcm(2, q).
In the more general case, we use the following Theorem of Gabai who showed that Murasugi sums interact nicely with monodromies. Now let K be a homogeneous link. Let w = w 1 · · · w m ∈ B n be a homogeneous, non-weak braid word whose closure is K. Let M be the complement of K with fibre S(w) and monodromy h. As before we think of S(w) as n disks connected via m half-twisted bands corresponding to the w i . We index the j 
